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Abstract. A hierarchy of finite-dimensional integrable Hamiltonian systems can be obtained
in a straightforward way by restricting a hierarchy of integrable evolution equations to the
invariant subspace of their recursion operator. The independent integrals of motion and
Hamiltonian functions for these Hamiltonian systems can be constructed by using the
recursion formula and can be shown to be in involution. So these Hamiltonian systems
are completely integrable in the sense of Liouville and commute with each other.

It is well known that many finite-dimensional integrable Hamiltonian systems can be
obtained by restricting infinite-dimensional integrable Hamiltonian systems to finite-
dimensional invariant submanifolds of their phase space (see, for example, [1-6]).
We have proposed in [7] a straightforward way to obtain a hierarchy of finite-
dimensional integrable systems by restricting the hierarchy of the integrable evolution
equations to an invariant subspace of their recursion operator. In this letter, based on
our work in [7], we present a method to obtain independent integrals of motion for
these systems by using the recursion formula and show them to be in involution. Thus
all of these systems are completely integrable Hamiltonian systems in the sense of
Liouville {8] and commute with each other.
To illustrate the method, consider the classical Boussinesq hierarchy [9]

w-tu=(2) u=()) )

L_(%r —%Dz+s+%sxD") 3
1 Yr+r.D™Y) dx
Here no boundary condition for u is required and the integration constant for D' is
defined to be zero. The Lax pair associated with (1) reads

with

D'D=DD'=1.

wxx=Mw M=—{2+s——%r2+§r (2)
¥, =3By Y+ By, 3)
where
B"=% bi"" bo=1 b =3iR;_, (4a)
k=0

Qkx _ Qk—l,x 5k S«
(Rk.x> _L(Rk—],x) —L (rx). (4b)
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We now consider the following system instead of (2):

Yo =My, M=-{+s—if+gr j=1,...,N (5)
where {, # {, when k# ] We call

g=(q1,---,qn) =, ..., 0N)7

P=(PiseeosPN)T = (Unsy ey i) |

B=diag({,,...,{n)-

It was pointed out in [7] that in order to obtain an invariant subspace of L, one
has to impose a constraint on potential u as follows:

r=(q,q a=(Bg,q)~Xq, q)° (6)
where (.,.) is the inner product on R™. Under the constraint condition (6), system (5)
can be written in canonical Hamiltonian form

aH, aH,
qx = g P = _—3—&—
with Hamiltonian function H, defined by
Hy=Xp, p)+%B%q, 9)—K4q, 9XBg, ¢)+(q, 9)".

By using the recursion operator L, it is shown in [7] that

(7)

k
Rk'A'_'IZ h1<B"_'q, @)+ 2h (8)
=0

where the subscript A means to insert (6) into the expression, and h, are the integrals
of the motion for (7). The recursion formula for R, can be found as

lk—l 1 1 1 2 k—1
Ry =_§j§0 ijka—j—Z_EijRk—j—z,x +Z S=a" j=Z_l RiR, >,
1 & 1 &
+=r Y RR«\;—= Y RR., k=0,1,... 9)
4 =1 4,‘:0
where R_, =2, R, =r. Substituting (8) into both sides of (9), a lengthy calculation gives
k=1 k—j~1 1 k=i
hysr= Z z hjhlck+2—j~l__ Z hjhk+2—j k=1,2,... (10)
j=0 I=0 2,5

where h1=h2=C1=C2=0, h0=C0=1,
+ 14 m —-1-m m —-1-m
Cirs=—4{(B*"?q, @)+ (B"p, p)+= Y. [(B™p, pXB*"'""q, ¢)—(B"p, g} B*""""p, g)]
m=0

+4q, 9)(B*q, 9)—Xq, gXB*"'q, q)
-3(Bg, qXB“q, q)} k=0,1,....

It is clear from (10) that the C, are also integrals of motion for (7). Indeed it is

easy to check by a direct calculation that if (p, q) is a solution of (7), then
dC, 3C.  d 3G,
—=0 —_—=—— k= ce
dx aq dx ap L2, (an

Define
Gk = Z=0 [(Bm ’p)<Bk_MQ’ q>_<Bm s quk—m > ‘Iﬂ‘

It is not difficult to show that the G, are in involution with respect to the ordinary
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Poisson bracket. Then, using the identity

Z (B"™"¥*="mp pXB™q, q)+ Z (B"p, pXB'""**'""q, q)

m=0

{+k+

ti- R
=3 (B "p, PXB™g, q) - Z (B"***=mp p)XB™q, q)

m=0 m=|[+1
ji=1,2,...

we can show by a straightforward calculation that the C, are in involution. Since the
Vandermonde determinant of (;,...,{~ is not zero, it is easy to see that
grad C;, ..., grad Cn., are independent. So we have the following.

Proposition 1. The Hamiltonian system (7) is completely integrable in the sense of
Liouville.

The formula (10) can be rewritten as

h=C.+ Y hh,C,+2 Y hC, 2 hih,, k=1,2,... (12)

I+m+n=k I+m=k I+m=k

where [, m, n=1, hy=h,=C,;=C,=0. We find from (12) by induction that

hk—Za, Z le...C,,,, k=1,2,... (13)
I= my+.Amy=k
where a, =1, a,=3,
- I—l
Zaa, it2a, - Za,-a,_,- 1=2,3,....
2,2

i=1
We now consider systems stemming from (3)
Uy, = =3B+ B g, B =B";., Jj=1,...,N. (14)
Under the constraint condition (6) and (7), (14) becomes by using (8) and (13)

k-1
== z ( P, Z h(B*~"~ ‘q, Q+2hg]” Pj‘ ;_k‘li Eo h1<Bk-I_1P, Q>)+§;Pj

L= o
Eg < Z KB"™'"'""q, q){]'p;

—(B"'"!"mp, q)s',’-"q,-]+2£}'"'p,») + h.p;

aC,_
=2 2 p2Stes_yp 3G
aPJ op;
6C,, 1 3C,_
T WD S NS
ap; i=1 g+ Am =1 '
L 3Cuns_y @ aC,
= -2 Cn - . Cp—
ap; Z 121 my+.. +§, Ae3-l " dp;
aC, u
=-2—"2-2% q 2 Cos ... Gy 2
ap; i=1  my.tm=n+3 ap;
oH,

ap; (15)
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with

H,=-2Y%

i=0 i+1 m+...+m =n+3

a;
— Co ...

Cm,_H (a0=1)'

Equation (15) and (11) means that under the constraint condition (6) and (7), (14)
becomes a Hamiltonian system
aH, oH,

=— n=1,2,.... 16
P p., 29 (16)

9, =

Proposition 2. The Hamiltonian systems (16) (n=0,1,..., Hy=—-2C;, call t,=x) are
completely integrable in the sense of Liouville and commute with each other. If (p, q)
satisfies (7) and (16) then u given by (6) solves the evolution equation (1).

Proof. Notice that

dC
?k-:{Hn’Ck}:O {Hk’Hm}=0 kam=0’1""'
The C;,..., Cn- are also the N independent integrals of motion in involution for

(16). Thus (16) (n=0,1,...) are completely integrable Hamiltonian systems and
commute with each other. Since (1) is deduced from the compatibility condition of
(5) and (14), (7) and (16) are obtained by substituting (6) into (5) and (14), respectively,
it follows that if (p, g) satisfies (7) and (16) then u given by (6) solves (1).

The approach proposed above is general. It can be used to other infinite-
dimensional Hamiltonian systems. For example, for the AkNs hierarchy [10]

u, =2iJL" u= ( ’) J=(l 0) (17)
' q 0 -1

__l_(D-—2rD"q 2rD7'r )
2i\ —2¢qD7'q -D+2qD7'r

where

the associated eigenvalue problem is

wome o oM=(T5 0
ro il

and the time evolution equation of  is

wl)
B

A B
. =N(n) N(n)=( n n )
v, =N c A (19)

An= Z akgn—k Bn= Z bkgn_k Cn= Z ck{n-k
k=0 k=1 k=1

c
( k)=L"_'u a,= —i a, =D "' (gci —rby) k=1,2,...,n
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Now consider the system

Yy = My, ¢g=<i’2) M,=(_:§" 12) j=1,...,N (20)
where ¢, # ¢, when k# 1 We call
D =iy, Uin)T D= (a1, s han)" B =diag(i{,,...,i{~).
To obtain an invariant subspace of L, we get a constraint on u [7]
r=(®,, ®,) g=—(D,,P). (21)
Under the constraint condition (21), (20) can be written in canonical Hamiltonian form
¢U,,=§£-12—j zjx=—§l% j=1,...,N (22)

with Hy=~%®,, ®)P,, §,)—(BD,, D,).
It was shown in [7] by using recursion operator that

k=1
Ck1A= Z hl(Bk_l_lq’z, q’z)("i)k_‘_l
=0
ko1 h0=1 (23)
bk|A=_IZ h1<Bk—'*l¢1,¢1>(_i)k_l_l
=0

where h; are the integrals of motion for (22). Using (23) and the recursion formula
for a, bk and Cr
l k—1

1
—_ — 1 : 2
Ch+1 ™ —2 Ckx+2r Z (4clxck—l.x_lclxck-l+l = Cr1 ki1 T rocbey)
=1

a straightforward computation yields

k—1 k-1—1 1 k—1
by = z Z hmthk—m—l_‘ Z hlhk—l (24)
=0 m=0 2 /T
where

Fy=-i{®,, Dy
1 k=2 ) )
Fy =(—i)"<B""d>1,<Dz)+5 2 (-D)*(B'®,, d XB* D, d,)
j=0

_<Bj®1’®2><Bk_2—j¢l’¢)2>] k=1529""

Thus the F, are integrals of motion for system (22). In a similar way, we can show
that the F; are in involution with respect to the ordinary Poisson bracket and that
grad F, ..., grad Fy are independent. This implies that the Hamiltonian system (22)
is completely integrable. Similarly, we get

k
h=Ya Y Fp...F, (25)
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For the system obtained from (19)
g, = Ny, Ni" =N _o j=1,2,...,N (26)

It can be shown in the same way that under the constraint conditions (21) and
(22), (26) can be written in canonical Hamiltonian form
dH, bor = o0H,
Iy T ey,

¢’ljl,,= j=1,2""1N (27)

where

B3

H,= G y F, ... F (@p=1) n=12,....

1 mi+
1=0 l+1 my+.. .+ =n+1

Finally we have the following.

Proposition 3. The systems (27) (n=0, 1, ..., call t,= x) are completely integrable and
commute with each other. If ®, and &, satisfy both (22) and (27) (n=1,2,...), then
u given by (21) solves (17).
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